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Introduction

Eugenmaps:

o Eigenmaps are crucial in analysis, geometry, and machine learning,
especially for nonlinear dimension reduction.

@ The Laplacian eigenmaps introduced by Belkin and Niyogi are widely
used for dimension reduction in data analysis.

Focus of the Work:

@ Model situations with uniformly spaced points within intervals are
considered.

@ Eigenmaps are computed both analytically and numerically.

Investigations:

@ Exploring relationships between eigenmaps and orthogonal
polynomials.

@ Studying the method’s dependence and stability when varying the
choice of Laplacian.
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Definitions of Graph Laplacian Operators when k =1

We define the graph G = {V/, E} on the interval [—1, 1], where V consists
of n equally spaced points {xo = —1,x1,...,xp—1 = 1}, and (x;, x;) € E if
xi —xj| = 327

Let W¢ be the adjacency matrix and D¢ be the degree matrix of G.
Then, the regular Laplacian matrix is defined by

Lreg := Dg — W.
The probabilistic Laplacian matrix is defined by

Lprob = Df;l(DG - WG)

1 -1 0 --- 0 1 -1 0 --- 0
1 2 1 -~ 0 -1 1 -1 0
Lreg = : : .. .. : Lprob = ’ : ’ . :
o o --- -1 1 0 o --- —-11
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Definitions of Graph Laplacian Operators when k =1

We define graph G’ := {V, E U (xp, x,—1)} from n evenly spaced points on
a circle. Then, the periodic Laplacian is defined by

Lper = Dgr — Wgr.
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Formula for Eigenvalues and Eigenfunctions

@ Periodic Laplacian. A = 2(1 — cos(mad)) and
f(x)=e™ acZ

@ Regular Laplacian. A = 2(1 — cos(mwad)) and

f(x) =

cos(max)  with ¢ even
sin(max)  with ¢ odd ’

where o = 6+2,C€Z

@ Probabilistic Laplacian. A = 1 — cos(wad) and

f( cos(max)  with ¢ even
X) = N
sin(rax)  with ¢ odd

where o = 5 for c € Z.
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Periodic Laplacian k=1

Theorem

Suppose LPS_, is the periodic Laplacian. The eigenvalues are

Aa) = 2 — 2 cos(rad) where o € {O 1,...,n—1}. When n is even, the
eigenvalues are exactly \(0), A(1), . (g) When n is odd, the
eigenvalues are exactly A(0), A(1), ..., A\(%52).
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Periodic Laplacian General k

Theorem

Suppose Lﬁe,: is the periodic Laplacian. The eigenvalues of Lge,: are in the
form

k
A=2(k — Zcos(ﬁraé)).

Jj=1
The corresponding eigenfunctions are in the form
f(X) — eIﬂ'OéX'
where a € 7.
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Periodic Laplacian General k

Lemma

The period of A(a) = 2(k — ijzl cos(jmad)) is n.

Theorem

er -

Suppose LZ « Is the periodic Laplacian with k < n. The eigenvalues are
given by \(«) = 2(k — Z};l cos(jmad)), where o € {0,1,...,n—1}.

Note: we do not know the multiplicity of eigenvalues in the general case.
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Eigencoordinates and Chebyshev Polynomials

Suppose L is a Laplacian matrix, and f; and f; are the eigenfunctions
corresponding to the first and ¢t" smallest eigenvalues of L. The
eigencoordinates are (fi(x), fy(x)).

We want to investigate the error, E, between our eigencoordinates and the

Chebyshev polynomial T,. The error can be obtained from the following
equation:

E(x) = fo(x) = T(fi(x)).
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T(sin(y))

We have a lemma for the formula of the Ty(sin(y)).

Lemma

Ty(sin(y)) = i;(e"éy (e

The following are the first few Chebyshev polynomials of sin(y)

To(sin(y)) =
T1(sin(y)) = sin(y)
Ta(sin(y)) = — cos(2y)
T3(sin(y)) = —sin(3y)
Ta(sin(y)) = cos(4y)
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Eigencoordinates and Chebyshev Polynomial

Theorem
E(x) = fi(x) — Te(fi(x)) = O for the regular Laplacian matrix. (

Theorem
E(x) = fo(x) — Ti(fi(x)) = 0O for the probabilistic Laplacian matrix. ‘

Note: these theorems can be proved using the formula of eigenfunctions
for Lieg and Lprob-

Yiheng, Jonathan (UConn) Laplacian Eigenmaps and Chebyshev Polynon 8/01/23 15 /24



Periodic Laplacian and Chebyshev Polynomial

Theorem
E(x) = fy(x) — T¢(fi(x)) = O for the periodic Laplacian matrix.

Proof idea: LP®" is of the form e™*. )\, has multiplicity 2 and the
corresponding eigenvectors are {e/™ e~™*1 which is a basis for the
eigenspace of ;. Let y = mx. So, fy(x) = W = cos(Ly) is also an

eigenvector for the eigenspace of A\;. By the definition of Chebyshev

polynomials, we have Ty(cos(y)) = cos(Ly) = fy(x).
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Go to Robin Problem

Currently, we possess three distinct types of graph Laplacian operators:
Lreg, Lprob, and Lyer. Can these operators be consolidated into a single
type, or do they belong to different families of Laplacians?
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Continuous Robin Problem with Uniformly Spaced Points

Definition
Suppose u is an eigenfunction of the Laplacian L, k=1 With
corresponding eigenvalue A\. The Robin Boundary Conditions are

u'=—-Xu on(-1,1) (41)
Ohu=pu at x= =1

where 0, is the outward normal derivative at x = +1.
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p(a)

For the equation %™ = 4/T+P

iTa—p'
p(a) . (:l:eZiTrOé _ 1) _ iﬂ-a(ieiﬂa _ e—iTroz)
(:l:e2i7ra + 1) (ieiﬂa + e*l'Tl’a)

—mactan(ma), when u = cos(max)

macot(ma),  when u = sin(max)
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pla) =

rho(alpha)
rtho

— racot(ra)

alpha —— —matan(ma)

—rmatan(ra) =0 <= a=0ortan(mra) =0 <= a €Z.
Tacot(ra) =0 <= a=0orcot(ra) =0 < a€Z+ 1.
Therefore, p(a) =0 <= a € 5, where c € Z. Thus,

sin(m5x), when ¢ is odd

cos(m5x), when c is even
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p(a)
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Discrete Robin Problem with Uniformly Spaced Points

Definition |
Suppose u is an eigenfunction of the Laplacian matrix L, x—; of any
variety with corresponding eigenvalue A. The Discrete Robin Boundary

Conditions are

Lu=—M\u on (—1,1) ' (42)
L,,,kzlu =ou atx==+1
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Eigenfunctions for the Discrete Probabilistic Laplacian

Previous work on the continuous Laplacian shows that when p = 0, the
eigencoordinates will be exactly the Chebyshev polynomials.

Hence, lim,_,o, 0 = 0 implies that the eigencoordinates for the
Probabilistic Laplacian matrix are the Chebyshev polynomials.
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