LAPLACIAN EIGENMAPS AND ORTHOGONAL POLYNOMIALS

Jonathan Kerby-White, Yiheng Su
University of Connecticut, 2023 NSF REU in Mathematics

&%

University of
Connecticut

Graph Laplacian Operators Finding Eigenvalues and Eigenfunctions Robin Problems on |1, 1]

We define a graph & := {V, E} on [—1,1] where V" is n equally spaced points Lemma. Let L be a graph Laplacian matrix. If the middle n — 2 rows are of the form

{zg = —1,.,2p 1 = 1} and (z;,2;) € Eif |v; — 2] = 6 = 2 where § Definition. Suppose u is an eigenfunction of the Laplacian L,,_, . j.—1 With cor-
— yreyn—1 T 1) () gl = - n—1 ~ _ . . . oy ’
represents the spacing between any two adjacent points. 12 =10 ...... 0 responding eigenvalue \. The Robin Boundary Conditions are
Let W be the adjacency matrix and D be the degree matrix of G, where . 0 -1 2 —1 0 ... 0 reR {u// — u on(—1,1)
. . . —1 r - . : ., : B B
W — 1, if [z, —aj| = 6,1 #j De — nm:OWGi,mv ifi =7 | 0 0 12 -1 Oy = pu  atr =+l
" 0, else " 0, else where 0,, is the outward normal derivative at x = +1.

then Ae'™* 1+ Be~'T js an eigenvector, its corresponding eigenvalue is 2r(1 — cos(rad)).

Then, the Regular Laplacian matrix is defined by Solving the general Robin Boundary Condition, we have

Theorem. Eigenvalues of Lreg are of the form \ = 2(1 — cos(mad)).

Lreg = DG — Wg- _ , . rho = =50 rho = -1 rho= 0.00
Theorem. Eigenvectors of Lreg are of the form f(x) = cos(max) (with c even) or sin(rax)
The Probabilistic Laplacian matrix is defined by (with ¢ 0dd) where o = 5% and ¢ € 7. it o™ et
Lorob = D5 (Dg — We). Proof. Considering the endpoints j = 0 and j = n — 1, we have: 10 05 . 05 i 10 -05 00 05 ” '1-_2.-"'-0-5_0_5_ 05 ”
We define graph G/ := {V, E U {zg,z,,_1}} from n evenly spaced points on a Lf(—1) = Aeme(=1) 4 pe=ima(=1) _ (peima(=1+0) | pe—ima(-1+0)y ”;;'i'ogo mo=1_m " ‘ rh:fi-nfinity '
circle. The Periodic Laplacian is defined by Lf(1) = Aeimall) | ge—ima(l) _ (Aez'm(l—é) n Be—z‘m(l—é)> 1o e o
Lper == Der — Wy We need Lf(—1) = Af(—1)and Lf(1) = Af(1). By setting up the system of equations: e il : e :
o ] o - BY 9 _p y 9 ' 1.0 _d'?lo_s- '-.__?15 10 1.0 76'.5_'0_5- 05 1_fc 1.0 _0'.5_0.5_-_.0.'5 1_fc
1 -1 0 - 0] 1 -10 -0 2 -1 0 - =1 —ima , —IiTad 1 _etma(240) | T A 0 A0 n c a0 e 10}
1 —2 1 0 S R 1 -2 1 -+ 0 e e — 1| _gima(2+0) | B| |0 . . . .
Lreg= | . Lprob = | ° 2 , Lper=1{ . i _ Definition. The Robin Boundary Conditions for the Probabilistic Laplacian are
0 0 ~11 0 0 —11 —1 0 -+ =1 2 o | ' _eima(2+6) _ _
- : - : - - For [g] to be non-trivial (i.e., not the zero vector), the matrix M = mi@M) c Lprob A atz € (-1, 1) ,
—€ 1 Lpropu = ou  atx = £1

must be singular. Thus, we can find o when det(M) = 0, leading to a = 5%, where ¢ € Z.
Upon plugging o into M, we find that A = (—1)“B. Normalizing the solution, we obtain
f(x) = cos(max) if c is even and sin(wax) if ¢ is odd. (]

Defining Eigen-Coordinates

Solving the Robin boundary conditions for Lprobs We have limy,—, o = 0, which
implies that the eigen-coordinates for the L., are the Chebyshev polynomials
of the first kind, T},(x).

Theorem. Eigenvalues of Ly,p are of the form A = 1 — cos(rad) and the eigenfunctions are

Define the eigen-coordinates as a map @ 4, : {:1:1-}8_1 — R? such that
of the form cos(maw) (with ¢ even) orsin(rawx) (with ¢ odd) where a = §, ¢ € Z.

Corollary. The eigen-coordinates for the Ly.q are the Chebyshev polynomials of

Oy (i) = (v(z;), w(z;)) € R, | | | the first kind.
Theorem. Eigenvalues of Lper are of the form A = 2(1—cos(ma0)) and the eigenfunctions are

of the form e'™*" where o« € {0,1,...,n — 1}. When n is even, the eigenvalues are exactly

A0),A(1),..., A(5). Whenn is odd, the eigenvalues are exactly \(0), A(1),. .., )\(”T_l).

We also show the convergence of the Discrete Robin Problem for Lieg to the
Continuous Robin Problem.

Further Directions

Let (v, w) be a set containing all the coordinates formed by two eigenfunctions

{(v(2),w(2)) | = € {i}y}.

Suppose L is a graph Laplacian of any kind. Sort its eigenvalues such that 0 =
Ao < A1 < Ao < ... Our objective is to investigate the eigen-coordinates (v, vy).

Correlation to Chebyshev Polynomials

Y 1.0} :; et 10 P 10 « Approximation of eigen-coordinates from random points on |—1, 1], the half
05 | ; 05| R o5 Definition. The Chebyshev Polynomials of the first kind are defined by Tj(cos()) = cos(£6). sphere S7, the Sierpinski Gasket, and other distributions.
CHE TR 05 10 -10 05 | 05 . 10-10 08 05 10 We want to investigate the error, E(x), between our eigen-coordinates (vy,vy) and the
., 08 0° ¢ Chebyshev polynomial 7}: Acknowledgements
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E(x) = vy(x) — Ty(v1(x)).
Theorem. The Chebyshev polynomials of sin(y)

Fig. 1: From left to right, the images are eigenmaps of (v1, v2), (v1,v3), and (vy, v4) respectively.
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Ty(sin(y)) = —-
We illustrate with the following examples.

To(sin(y)) = 1, Th(sin(y)) = sin(y),
Ty(sin(y)) = —sin(3y), Ti(sin(y)) = cos(dy), Tx(sin(y)) = sin(5y).

Corollary. E(z) = vy(x) — Ty(vi(x)) = 0 for Lreg and Lprop. This implies the eigen- ]
coordinates (v, vy) for Lreg and Lp,op are exactly Chebyshev polynomials.

Ty(sin(y)) = — cos(2y)
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