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Abstract

Laplacians have been well-studied on post-
critically finite (PCF) fractals. However, less is
known about gradients on such fractals. Build-
ing on work by Teplyaev [1], we generalize results
regarding the existence and continuity of the gra-
dient on the standard Sierpiński Gasket to higher
dimensional Sierpiński Gaskets. In particular, we
find that, for functions with a continuous Lapla-
cian, the gradient must be defined almost every-
where, and specify a set of points for which it is
defined. Furthermore, we provide a counterex-
ample on higher-dimensional Sierpiński gaskets
where the Laplacian is continuous but the gradi-
ent is not defined everywhere. We conjecture that
Hölder continuity of the Laplacian is a condition
strong enough to guarantee that the gradient ex-
ists at each point.

Introduction

The Sierpiński Gasket is among the simplest of post-
critically finite (PCF) fractals. As a result, it can
be a very effective testing-ground for many concepts
related to analysis on fractals. In particular, we are
interested in conditions that allow for the existence
and continuity of ∇u, where u is in the domain of
the Laplacian.

Figure 1: SG3 first level Figure 2: SG3 second level

Figure 3: SG4 first level Figure 4: SG4 second level

What is the Higher-Dimensional Sierpiński Gasket?

Given a set of points {pi}N−1
i=0 ⊆ RN−1 that define the vertices of a regular N − 1-simplex, we construct an

iterated function system {Fi}N−1
i=0 where Fi(x) = 1

2(x−pi)+pi for x ∈ RN−1. The Sierpiński Gasket is defined
as the unique compact set SGN such that SGN = ⋃N−1

i=0 Fi(SG). See Figures 3 and 4 for a depiction of SG4.
Each point in SGN can be defined by at least one infinite word ω ∈ Ω, where Ω = {0, · · · , N − 1}∞.

Laplacian and Gradient

Given a probability measure µ on a PCF fractal K, we can define the Laplacian operator ∆µ. This is an
analogue to the second derivative, and is in fact equal to the second derivative on the unit interval with
Lebesgue measure. We define harmonic functions as continuous functions satisfying ∆µh = 0; on the unit
interval, these are linear functions. The gradient ∇u(ω) is defined as the limit of secants ∇nu(ω), which are
harmonic functions that agree with u on the boundary of an n-cell containing the point specified by ω. In
[1], Teplyaev provides a condition for the pointwise existence of the gradient, which we use as the basis for all
arguments concerning differentiability.

Results

Asymmetric Bernoulli Measures

Figure 5: SG3 first iteration Figure 6: SG3 second iteration

By considering asymmetric Bernoulli measures µ
that satisfy Teplyaev’s condition, we produce a fam-
ily of examples where, for each u in the domain of
∆µ, u has a continuous gradient. Let {µij} be the
set of measure weights for measure µ on SG3. The
measure µ satisfies Teplyaev’s condition if
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We depict this graphically in Figure 5, with the
darker cells representing those with greater mea-
sure. Figure 6 represents the second iteration of this
Bernoulli measure.

The following theorem is a generalization of a
result of Teplyaev to higher dimensional Sierpiński
Gaskets equipped with the standard Bernoulli
measure.

Theorem 1

Let u : SGN → R and suppose ∆u is continuous.
Then ∇u(ω) is defined at every ω ∈ Ω such that:

lim inf
n→∞

CN(ω, n)
log n

≥ γ,

where γ > 0 is a certain constant.
Here, CN(ω, n) refers to a counting function defined
in [3]. In fact, we can show that the subset of words
that violate the condition above has measure zero
with respect to the standard Bernoulli measure in
Ω.

Counterexample Function

In Theorem I, we assumed that ∆µu is continuous.
Is continuity of ∆µu enough to guarantee the exis-
tence of the gradient for all ω ∈ Ω? To show this is
not the case, we constructed a counterexample func-
tion u whose Laplacian is continuous, although the
gradient is not defined along an edge of SG4.

The following conjecture, based on a result for SG
by Teplyaev [1, Thm. 3], provides a stronger condi-
tion for the higher-dimensional gasket which guar-
antees the existence of the gradient for each ω ∈ Ω.

Conjecture

Let u : SGN → R, and let µ be the standard
measure on SGN. If ∆µu is Hölder continuous,
then ∇u(ω) exists for all ω ∈ Ω.

Future Objectives

We are currently in the process of proving the previ-
ous conjecture. In addition to this, we are interested
in examining the use of Kusuoka measure, rather
than Bernoulli measure.
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